An algorithm for factoring polynomials over finite fields is given by Berlekamp in 1967. The main tool was the matrix Q corresponding to each polynomial. This paper studies the degrees of polynomials over binary field that associated with their corresponding matrices Q and irreducibility.
Introduction
Let F = F 2 = {0, 1} be the binary finite field. Then for each polynomial f (x) ∈ F [x] of degree m, the Berlekamp matrix Q proposed in [1] of f (x) is the m × m matrix over F whose ith row represents x 2(i−1) reduced modulo f (x). Specifically,
for i = 0, 1, . . . , m − 1.
Preliminary
Let G be the Berlekamp matrix with respect to the polynomial f (x) of degree m over F. It is not difficult to show that G m = I m if and only if f (x) has no square factors, where I m denotes the identity matrix of order m. If f (x) has no square factors then the order o(f (x)) = o(G) of f (x) is defined to be the least positive integer such that
It is not hard to have the following observation for least common multiple. Lemma 2.2. For positive integers n 1 , n 2 , . . . , n ℓ and k, the least common multiple lcm(kn 1 , kn 2 , . . . , kn ℓ ) = k · lcm(n 1 , n 2 , . . . , n ℓ ).
Proof. Let A = lcm(kn 1 , kn 2 , . . . , kn ℓ ) and B = lcm(n 1 , n 2 , . . . , n ℓ ). For each i = 1, 2, . . . , ℓ, one has kn i |kB since n i |B, and hence A|kB. On the other hand, kn i |A implies n i |A/k, and thus B|A/k. The result follows.
Main results
Let G be the Berlekamp matrix with respect to the polynomial f (x) of degree m over F. The property P 1 is defined as
where I m is the identity matrix of order m. Proof. Note that G m = I m if and only if f (x) divides x 2 m − x. Then P 1 is also realized as
Moreover, since
the property P ′ 1 is equivalent to
To prove the sufficiency, suppose that f (x) has the property P ′′ 1 . Note that the number of irreducible polynomials N(ℓ) over F of degree ℓ is
Hence the degree m of f (x) can not be written as m = nℓ for some positive integers 1 < n ≤ ℓ and ℓ ≥ 5, or otherwise N(ℓ) ≥ n and a product of n irreducible polynomials of degree ℓ does not have P ′′ 1 . For the some reason, m can not be written as m = nℓ for some positive integers 1 < n < ℓ, either. Furthermore, m = 2 and m = 4 since both of x(x+1) and x(x+1)(x 2 +x+1) do not have P ′′ 1 . To conclude the above argument, m is an odd prime or m = 3 · 3 = 9.
For the necessity, assume m is an odd prime or 9. If m is an odd prime, then
and hence f (x) is an irreducible polynomial of degree m whenever f (x) divides x 2 m − x. Besides, if m = 9 then
) (Irreducible polynomials of degree 9), and thus f (x) is an irreducible polynomial of degree 9 provided that f (x) divides x 2 9 − x. It says that f (x) has P ′′ 1 , and the proof is completed.
Let G be the Berlekamp matrix with respect to the polynomial f (x) of degree m over F. The property P 2 is defined as
Proof. Suppose to the contrary that m can be written as a product of three pairwise coprime factors that more than 1, or m = p i q j for primes p < q and positive integers i, j with j ≥ 2.
Assume that m can be written as m = p 1 p 2 p 3 , where positive integers 1 < p 1 < p 2 < p 3 are pairwise coprime. Since
a product of 1, p 2 − p 1 , and p 1 − 1 irreducible polynomials respectively of degrees p 1 p 3 , p 2 , and p 2 p 3 does not have the property P 2 , which is a contradiction. (It is quick to check that the number N 2 (ℓ) of irreducible polynomials over F of degree ℓ satisfies N 2 (ℓ) ≥ ℓ − 1 for each positive integer ℓ, and lcm(p 1 p 3 , p 2 , p 2 p 3 ) = p 1 p 2 p 3 = m.)
Next, suppose that m can be written as m = p i q j for primes p < q and positive integers i, j with j ≥ 2. Since
a product of p − 1, 1, and q − p irreducible polynomials respectively of degrees p i−1 q j , p i q j−1 , and p i−1 q j−1 does not have the property P 2 , which is a contradiction. (It is immediate to check that lcm(
The case will be trivial if the degree m is a prime power. It may be quick to show that f (x) ∈ F [x] has P 2 if its degree m = p i for some prime p and positive integer i. Now, focus on the case m = p i q for primes p < q and positive integer i.
Note that the order o(f (x)) of f (x) is the least common multiple (l.c.m.) of the degrees of factors in f (x). Then a quick observation is given below. (i) If f (x) has P 2 then a polynomialf (x) ∈ F [x] of degreem = p˜iq with positive integerĩ ≤ i also has P 2 .
(ii) If q > 2
To prove (ii), suppose q > 2 p i and the order o(f (x)) of f (x) equals m = p i q. Since f (x) is of degree m and divides
(Irreducible polynomials of degree qj) , the degree of each factor of f (x) is a multiple of q. Hence by Lemma 3.3 there is a factor in f (x) that of degree p i q, which means that f (x) is composed of exactly one factor polynomial and is irreducible.
The sufficiency of (iii) is straightforward from (ii). Then the necessity of (iii) is only to examine the case q = 3, i.e., m = 2 · 3 = 6. One can see that the reducible polynomial f (x) = x(x 2 + x + 1)(x 3 + x + 1) is of order o(f (x)) = 6, and thus does not have P 2 . The proof of (iii) is completed.
To prove the first part of (iv), suppose to the contrary that q > p i > 2 and f (x) has P 2 , but (p i − 2)q ≤ 2 p i − 2 p i−1 + 1. Since p < q are two distinct primes, one has gcd(p i , q) = 1, and thus
By Pigeon Hole Principle, there exists positive integerû with 1 ≤ u ≤ p i − 2 such thatûq ≡ 1 or 2 (mod p i ). Ifûq ≡ 1 (mod p i ), say,ûq = ℓp i + 1, then the product of x and ℓ irreducible polynomials of degree p i and p i −û irreducible polynomials of degree q does not has P 2 , which is a contradiction. (Note that the fact N(p i ) = (2 p i − 2 p i−1 )/p i and (p i − 2)q ≤ 2 p i − 2 p i−1 + 1 implies ℓ exists.) On the other hand, ifûq ≡ 2 (mod p i ), say,ûq = ℓp i + 2, then the product of x(x + 1) and ℓ irreducible polynomials of degree p i and p i −û irreducible polynomials of degree q does not has P 2 , which makes a contradiction. Similarly, to show the second part of (iv), suppose to the contrary that q < p i and f (x) has P 2 , but (q −2)p i ≤ 2 q . An analogue version of the above contradiction will occur by exchanging the positions of p i and q. The result follows.
